
Sugar beet harvesting is carried out by succes-
sive execution of a number of technological opera-
tions the first of which being complete removal of 
the basic green mass of the haulm without a tracer, 
its gathering, transportation, and further utilisa-
tion for biogas extraction (Lammers et al. 2010). 
However, on the sugar beet heads there are still 
residues which are to be removed by individual 
tracing of each rootcrop head on condition that the 
rootcrops are not knocked out of the soil and high 
quality of cleaning is provided. Although the exist-
ing technical solutions of the sugar beet harvesting 
are constantly improving, ideal quality of the work 
is not yet achieved (Pogaorelyj, Tatjanko 2004). 
Issues concerning the operation of the sugar beet 
cleaners have been considered by many scientists 
(Smith 1991; Ivančan et al. 2002; Lilleboe 2014; 

Linnik 2014), however, generally they touched 
only a little upon the work of the drum cleaners 
which, according to (Martynenko 2000) have 
good prospects for their applications in the designs 
of top removers. The cleaning process of the root-
crop heads from the remaining tops without ex-
tracting the roots from the soil by a drum cleaner 
is carried out as a result of a contact of the drum 
surface with the rootcrop head in which, due to 
forced rotation of the drum around the horizontal 
axis and its forward movement around the head, its 
cleaning takes place. The wire-mesh surface of the 
drum, which brushes up the residues, is made by 
cross-placement of metal bars of a definite diam-
eter performing this technological process. 

The aim of the present work is to develop a system 
of differential equations for the drum movement at 
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its any contact point with the rootcrop head, con-
sidering all the forces acting upon the drum and 
finding specified conditions for a continuous con-
tact of the drum with the rootcrop head, as well as 
mathematical dependencies to determine the main 
parameters of the drum cleaner.

MATERIAL AND METHODS

Let us discuss in detail a methodology of the con-
struction of a mathematical model for the move-
ment of a rootcrop drum cleaner interacting with 
the rootcrop head. For this purpose at first we will 
make an equivalent scheme of the movement of the 
drum cleaner along the surface of the rootcrop head 
(Bulgakov et al. 2016). We will consider that dur-
ing the movement (the forward movement “from the 
right to left” at a speed V−n and rotating with an angu-
lar speed ω) the cleaner drum with a radius R runs 
onto the head of the rootcrop placed (in fact, rigidly 
fixed) in the soil (Fig.1). In this case the rootcrop 
head is approximated to the semicircle with radius r, 
which protrudes above the surface of the soil to the 
height h. The centre of the semicircle of the head is 
marked by point O, the axis of the drum O1. In order 
to construct differential equations of the movement 
of the drum, a fixed coordinate system xAy is adopt-

ed which is connected with the surface of the soil. 
Its origin is in point A, i.e. in the contact point of the 
drum with the surface of the soil at the moment it 
runs onto the rootcrop head (the moment when the 
contact of the drum with the rootcrop head starts 
in point K1). The surface of the soil is assumed to be 
even and undeformable. Besides axis Ax is directed 
horizontally towards the forward movement of the 
cleaner, axis Ay is directed vertically upwards. 

In any moment of time the movable coordinate 
system τ−Kn− will have its origin in the movable 
point Ki of the contact of the drum with the root-
crop head. In any discussed position of the drum 
axis Kiτ

− will be directed along the tangent to the 
surface of the rootcrop head, axis Kin

− – along the 
normal to this surface. During the contact of the 
drum with the rootcrop head at its arbitrary point the 
following forces will be applied: G− – the weight of the 
drum, P− – the pressing force of the spring, T− – the 
traction force, F−B – the centrifugal force of inertia, 
F−mp – the slidig friction force, S− – the circumferen-
tial force on the drum, N− – the reaction force from 
the soil side, N−K – the rootcrop reaction force di-
rected along the normal towards the head surface. 
It is obvious that before the initial contact of the 
drum with the rootcrop head, which takes place in 
the contact point K1 , forces G− and P− are balanced 
by the reaction force N− from the side of the soil sur-

(a) (b)

Fig.1. An equivalent scheme of the movement of the (a) drum along the rootcrop head and (b) of the starting inter-
action of the drum with the rootcrop head

G
−

– weight of the drum (N); P
−

 – pressing force of the spring (N);T
−

  – the traction force (N); F
−

B  – the centrifugal force 
of inertia (N); F

−
tr – the slidig friction force (N); S

−
 – the circumferential force on the drum (N); N

−
  – the reaction force 

from the soil side (N); N
−

K – the rootcrop reaction force directed along the normal towards the head surface (N); N1–the 
rootcrop reaction force directed along the normal towards the head surface; N (in the starting interaction); K – contact 
points; V

−
O1

 –velocity vector of axis O1 of drum (m∙s-1); V
−

n – velocity vector of cleaner forward movement (m∙s-1); ϕ – angle 
between vectors V

−
n and V

−
O1

 (deg); r – rootcrop head radiu (m); R–drum radius (m); ρ – movement path of drum axis 
O1 from point K1 to point K3 (m); α –angle whose nature is clear from figure (deg); ω – drum angular speed (rad∙s–1); 
h –rootcrop head height above soil surface (m); O centre of semicircle of rootcrop head; O1 – axis of drum (deg); Ω – 
angular velocity of drum rolling around centre O of axis O1 (rad∙s–1); β – angle between traction force and horizontal (deg)
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face. Besides, before the contact point K1 the veloc-
ity vector V−O1

 of axis O1 of the drum coincides with 
the velocity vector V−n of the forward movement of 
the cleaner, i.e. V−O1

 = V−n. In point K1  vector V−O1
in-

stantly changes its direction and value; besides: 
VO1

 = Vncosα. At an arbitrary contact point Ki of the 
drum with the rootcrop head vector V−O1  will be equal 
to VO1 = Vncosϕ, where ϕ is an angle between vec-
tors V−n and V−O1. If the drum is moving from point K1 
to point K2 angle ϕ changes from α to zero, but if 
from point K2 to point K3 – from zero to – α (“mi-
nus” α). Just instantly after the last contact point K3 
velocity V−O1

 = V−n. The path of the movement of the 
drum axis O1 from point K1 to point K3 is the arc of 
the circle of radius ρ; besides: ρ = r + R.	
where: r = OK1 –  radius of the rootcrop head; R = K1O1 
– radius of the drum V−N

The path of the movement of the drum axis O1 
before and after the contact with the rootcrop head 
will be a straight line. 

At an arbitrary contact point K2 the centrifugal 
force of inertia F−B will be equal to:

	 (1)

where: m – drum mass (kg); V−O1
 – velocity vector of axis 

O1 of drum (m∙s–1); V−n – velocity vector of cleaner for-
ward movement (m∙s–1); ϕ – angle between vectors V−n 
and V−O1

(deg); ρ – movement path of drum axis O1 from 
point K1 to point K3 (m)

Correspondingly at points K1 and K3 its value will 
be determined by such an expression:

	 (2)

where: α – angle whose nature is clear from Fig. 1 (deg)

At point K2 the value of this force will be equal to:
2

max. ρ
n

B B
mV

F F  	 (3)

Let us consider in detail the start of interaction of 
the drum with the rootcrop head. For this purpose 
we will make a separate scheme of forces presented 
in Fig. 2. Since at the contact point K1 there will be 
such equality G− + P− + N− = 0 , the condition of collision 
of a drum with the rootcrop head at this point in the 
projection onto the normal n− will have the following 
form:

N1 = [ σd], Ak = Tsin(α – β) – FB, or, considering (2):

   
2 2

1
cos α

σ sin α β
ρ

n
d K

mV
N A T


    	 (4)

where: [σd] – the allowable dynamic stress for the root-
crops; Ak  – the contact patch area of the surfaces of the 
drum and the rootcrop during their interaction. 

RESULTS AND DISCUSSION

To ensure the process of brushing the residues 
from the rootcrop head, it is necessary to choose the 
required contact force N−K ≠ 0 in any contact point Ki  
of the drum with the head. Obviously, this condition 
will be met by such an analytical expression: 

Nk = Gcosϕ + Pcosϕ – FB + Tsin (ϕ – β) ≠ 0	 (5)

or Nk – Gcosϕ – Pcosϕ + FB – Tsin(ϕ – β) = 0	 (6)

1

2 2 2cos φ
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B

mV mV
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2 2cos α
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n
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(1) P = 76.6 N; (2) P = 1,050.0 N;  
(3) allowable contact stress 

[σCT] = 3.0 MPa

(1)  P = 108.0 N; (2) P = 1,849.0 N; 
(3) allowable contact stress 

[σCT] = 3.0 MPa

(1) P = 150.0 N; (2) P = 2,876.0 N; 
(3) allowable contact stress 

[σCT] = 3.0 MPa

Fig. 2. Contact stresses σ on the surface of the sugar beet root at various values of the pressing force P and velocity Vn 
of the forward movement of the cleaner: (a) Vn = 1.5 m∙s–1; (b) Vn = 2.0 m∙s–1; (c) Vn = 2.5 m∙s–1

Interaction time (s)
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Eq. (6) is the sum of projections of all the forces 
applied to the drum, the normal n−, drawn through 
the contact point Ki. At a given weight G− and ra-
dius R of the drum, as well as the velocity V−n of 
its forward movement, the necessary value N−K 
can ensure only the pressing force P− of the spring. 
Guaranteed condition for a constant contact is the 
condition which is ensured just by Eq. (5). However, 
the condition of a continuous contact actually does 
not yet provide the required quality of the techno-
logical process performed by the drum cleaner. At the 
expense of the clamping force P− of the spring it is 
necessary to choose the required N−K, and such its 
value to meet the following condition: 

Nk = [σCT]Ak	 (7)

where: [σCT] – the allowable static stress for the root-
crops 

It is necessary to take into account the fact that 
on condition Nk > [σCT]Ak, there will occur dam-
age to the rootcrops. Considering Eq. (6), the tech-
nological process of the work of the drum cleaner 
(qualitative brushing of the remaining haulm) is 
possible on condition: 

[σCT] Ak – Gcosϕ – Pcosϕ + FB – Tsin(ϕ – β) = 0	  (8)

Considering that G = mg and Eq. (1) for the cen-
trifugal force of inertia F−B, we find from (8):

	 (9)

where: g – acceleration of gravity (m∙s–2)

For any point of contact Ki between the drum and 
the rootcrop head.

The highest contact point K2 (ϕ = 0) of the drum 
with the rootcrop head we find from Eq. (9): 

	  (10)

Since the drum, due to its forward movement, 
in section K1K2 runs onto the rootcrop head, the 
condition of a continuous contact of the drum in 
section K1K2 will be guaranteed. In section K2K3, 
on the contrary, the drum runs down the root-
crop head, therefore its separation from the head 
is possible. To avoid separation of the drum from 

the rootcrop head in section K2K3, it is necessary to 
choose a value of the spring pressing force P− which 
would ensure a contact of the drum with the root-
crop head over the entire section K2K3. It is abso-
lutely obvious that, in case this contact is ensured 
in point K3, it will be ensured over the entire sec-
tion K2K3. With this end in view it is necessary to 
construct a differential equation of the movement 
of the drum (its axis O1) when the root crop head 
is fully rolled over. Considering all the forces act-
ing upon the drum in any point Ki  of its contact 
with the rootcrop head, this differential equation in 
a vector form will have such an appearance: 

	 (11)

where: F−tr – the sliding friction force (N); S− – the cir-
cumferential force on the drum (N); m – the mass of the 
drum (kg;) a− – acceleration of the drum (m∙s–2)

If we project this differential equation onto axes x 
and y of the selected fixed coordinate system, we will 
obtain a system of differential equations describing 
in a general way the movement of the cleaner drum 
along the surface of the rootcrop head:

	
(12)

Next, we express angle ϕ as a function of time t. 
The time of the movement of the drum along the 
rootcrop head from point K1  to point K3 will be 
equal to: 

	 (13)

Then, the angular velocity Ω  of the drum rolling 
around the centre O of its axis O1 will be: 

	 (14)

or, considering Eq.(13),

	 (15)

Since ϕ = α - Ωt, then from (15) we will obtain 
the value of angle ϕ: 

	 (16)
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Taking into account that Fmp = fNK, where f is the 
coefficient of sliding friction of the drum surface 
along the surface of the rootcrop head, as well as 
Eq. (1), the system of differential equations (12) can 
be presented in the following way: 

	 (17)
where: Ω – angular velocity of the drum rolling around 
the rootcrop head, which is determined according to Eq. 
(15)  

The initial conditions for the system of Eq. (17) 
will be such:

At t = 0:

	 (18)

where: h – the height of the position of the rootcrop 
head above the surface of the soil 

The system of Eqs (17) is integrated in quadra-
tures (Dreizler, Ludde 2010). After integration 
we will have following solutions: 

	 (19)

	 (20)

	 (21)

	 (22)
where: C1, C2, L1 and L2 – arbitrary constants (from the 
initial conditions we find):

	  	

	

Now, if we substitute the values of arbitrary con-
stants C1, C2 and L1, L2 respectively into Eqs (20) 
and (22), then we will obtain the motion law of axis 
O1 of the drum rolling around the rootcrop head: 
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We will find the condition of a continuous contact of the drum at point K2 from Eq. (24) in case

1 ρ sin α
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tt
V

 
 
, y = ρ, α

ρ sin α
nV 

  :

	    						             (25)

We will find out the conditions of a constant contact of the drum in point K3, and, consequently, in the 
entire section K2K3, from Eq. (24) at                          ,  y = ρ – h 

	    						             (26)

The obtained conditions for a continuous contact Eq. (25) and (26) are more exact than the conditions 
determined by Eq. (9) and (10). Besides, from conditions Eq. (25), (26) and (4) it is possible to determine 
the mass of the drum which ensures the particular condition of the continuous contact. This could not 
be done using condition (9) or (10) because in them the mass of the drum, vice versa, has to be indicated. 
In order to determine the unknown values – the contact patch area AK, the mass of the drum m and the 
pressing force P− of the spring, we will discuss a system of Eq. (4), (25) and (26). Thus, from Eq. (4) we find 
the area of the contact patch of the drum with the rootcrop head. It is:

	          						            (27)

Further, taking into account (7), we obtain the reaction force N−K , which will be equal to:

	          						            (28)

Substituting (28) into Eq. (25) and (26), after a number of transformations we obtain an expression for 
the determination of the mass m of the drum, which will ensure unseparated movement of the drum along 
the rootcrop head:
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 Since the force P− is determined considering Eq. 
(28), then this is just the maximum allowable force 
of pressing the drum to the rootcrop head which 
will ensure efficient brushing of the residues from 
the rootcrop head without its damage. On the basis 
of the obtained theoretical investigations numeri-
cal calculations were performed by a compiled pro-
gram on the PC to determine contact stresses σ on 
the head of the rootcrop depending on time t for 
the speeds of the forward movement of the drum 
cleaner: Vn = 1.5; 2.0; 2.5 m·s–1. The parameters of 
the suspension of the drum cleaner were accepted 
as follows: h = 0.29 m; l = 0.565 m; I = 2.689 kg∙m2; 
cn  =  4,200  N/m; Q  =  17.66  N; q  =  6.57  N. The 
parameters of the drum cleaner: R  =  0.1  m; 
G  =  53.56  N; E  =  86  N; v  =  0.3; E  =  2.105 MPa. 
The parameters of the sugar beet root: r = 0.04 m; 
v = 0.48; E = 19 MPa; [σCT] = 3.0 MPa. The other 
parameters: f = 0.8; [σ] = 0.007 m. Among the indi-
cated characteristics, in particular v, there are Pois-
son’s ratio, Е  –  modulus of elasticity. The results 
of the calculations are presented in Fig. 3a for 
Vn = 1.5 m·s–1; Fig. 3b for Vn = 2.0 m·s–1; Fig.  3c for 
Vn = 2.5 m·s–1. 

As it is evident from the presented graphs, it is 
necessary to create the following pressing forc-
es of the spring: P = 1,050.0 N for Vn = 1.5 m·s–1; 
P  =  1,849  N for Vn  =  2.0  m·s–1; P  =  2,876  N for 
Vn  =  2.5  m·s–1. None of the indicated values is 
acceptable since the condition that the sugar beet 
heads should not be damaged is not fulfilled. Only 
the value of the contact stress σ can be consid-
ered acceptable when P = 76.6 N for Vn = 1.5 m·s–1 
because in this case insignificant and partial excess 
of allowable contact stresses [σCT] is observed. The 
results of the conducted experimental field inves-
tigations showed that certain spring-back of the 
drum from the sugar beet root during their colli-
sion is possible. Obviously, for qualitative removal 

of the remaining haulm from the rootcrop head, 
the following condition must be fulfilled: 

δ ≤ [δ]

where: [δ] – the allowable spring-back value of the drum 
from the surface of the rootcrop head after the collision

Accepting that δ = [δ], it is necessary to create the 
following pressing stresses:

P =  50.0  N for Vn  =  1.5  m·s–1; P =  81.5  N for 
Vn = 2.0 m·s–1; P = 122.5 N for Vn = 2.5 m·s–1. In such 
a case, at Vn > 2 m·s–1 and more, the rootcrop drum 
cleaner operates under conditions of increasing gal-
loping, which significantly degrades its quality work. 

Consequently, the boundary for productive and 
qualitative cleaning of the sugar beet heads from 
the remaining haulm by the drum cleaner is the ve-
locity of the forward movement of the aggregate, 
which does not exceed 2 m·s–1. 

CONCLUSION

A system of differential equations has been devel-
oped for the drum movement at its any contact point 
with the rootcrop head, considering all the forces act-
ing upon the drum and specified conditions for a con-
tinuous contact of the drum with the rootcrop head.

The obtained dependencies make it possible to 
calculate the optimal parameters of a drum cleaner 
of the rootcrop heads.
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